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Abstract. In this paper we prove that a Gaussian white noise on the d-dimensional torus has
paths in the Besov spaces B;géz (T%) with p € [1,00). This result is shown to be optimal in
several ways. We also show that Gaussian white noise on the d-dimensional torus has paths in

a the Fourier-Besov space by, A (T%). This is shown to be optimal as well.

1. Introduction. In [2] it has been proved that the Gibbs measures are invariant for
the nonlinear Schrodinger equation. Building on these ideas, in [II] and also in [I0] it
has been shown that the mean zero Gaussian white noise on the torus T is invariant for
the periodic Korteweg-de Vries equation (KdV). To prove this one needs that (KdV) is
well-posed for initial conditions from function spaces with a negative smoothness index,
such as Sobolev spaces H*P(T) with s < 0 and p € [1,00] and other classes of function
spaces. Here a negative smoothness index s is needed, because it is well-known Gaussian
white noise is supported on [\, _; ;o H*"\ H~1/2P_ Tt seems that the first results on the
support of Gaussian white noise into this direction have been obtained in [12] for p = 2
and in [§] for other values of p. Note that both [I2] and [§] consider processes on R?
instead of the torus.

In many instances, Besov spaces are the right class of function spaces in order to prove
sharp results. This is also the case for regularity results for paths of Brownian motion and
other classical processes. Sharp results for such processes have been proved for instance
in 3[4, T3] using an equivalent wavelet definition of Besov spaces. In particular, in these
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2 M.C. VERAAR

papers it has been shown that Brownian motion B : [0,1] x © — R satisfies
P(B € BY2(0,1)) = 1.

In [0, [16] this has been proved directly from the LP-incremental definition of Besov spaces.
Formally, one could say that white noise in dimension one is given by B, and therefore,
Gaussian white noise is in B, (%2 almost surely. In this paper we combine some of the
ideas in [4, [6] with Fourier analysis to obtain sharp results on the regularity of Gaussian
white noise.

It might be helpful for non-experts to recall some elementary embedding results for
Besov spaces and Sobolev spaces. Here we follow the standard notations as in [14] [15].
Of course one has that B3 5 = H*2. This is no longer true for B, o and H*P with p # 2.
One has the following embedding results (see [15, 2.3.3] for R? and [I4, Chapter 3] for
T4)

o — H¥P — BS - if p> 2,
By, = H"" — By, if1<p<2,

(1)

and, for any € > 0 and p, ¢, 7, s € [1, 0],
s+e€ s,7 s—e€
B, — H>" < B, °.
In the paper we consider the following question:

e On which Besov spaces is the d-dimensional Gaussian white noise W : Q — T¢
supported?

Our main result is that for all p € [1,00) one has
WeB, 4/2(T?) almost surely.

Moreover, we show that this is optimal in several ways. In particular, the known results
on Sobolev spaces H*P(T4) can easily be derived from our results.

Let us go back to the approach in [I0] to study the (KdV). In order to prove well-
posedness of the (KdV) with a white noise initial condition, a new class of function space
is introduced which is a Fourier-type Besov space denoted by l;; 4(T) (see Section . An
important step in the proof in [10] of the invariance of Gaussian white noise for (Kdv)
is that Gaussian white noise satisfies W ¢ lA’;S;,oo(T) almost surely for all s < —1/p and
all p € [1,00). It is natural to ask what the optimal exponents (s,p,q) are for which
W e IA);’OO(']I‘) almost surely. Our main result here is that for all p € [1,00) one has

7—d
W e bppép (T) almost surely.

Again this is optimal in several ways.

Acknowledgment — The author was supported by a VENI subsidy 639.031.930 of the
Netherlands Organisation for Scientific Research (NWO). The author thanks Jan van
Neerven for helpful comments.
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characterize the exponents (s, p,q) for which a Brownian motion on T is in B, ,(T) and
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in l;; 4(T). In fact, in dimension d = 1 some (but not all) of our results could alternatively
be deduced from theirs.

2. Preliminaries. We will write a < b if there exists a universal constant C' > 0 such
that a < Cb, and a =~ b if a < b < a. If the constant C is allowed to depend on some
parameter ¢, we write a <; b and a ~; b instead.

2.1. Besov spaces of periodic functions. Let ¢ € C(R?) be a fixed nonnegative
function ¢ with support in {t € R?: J < [¢| < 2} and which satisfies
> e(277t)=1 forte R\ {0}.
JEZ
Additionally assume that ¢(x) = 1 for all 271/2 < || < 2/2.
Define the sequence (p;);>0 in C°°(R?) by
pi(t)=p(277t) for j=1,2,... and @o(t)=1-Y @;(t), £€R™
k>1
Then all the functions ¢; have compact supports.
Let T = [—7,7]% Let .Z : L%(T%) — ¢%(Z%) denote the Fourier transform, i.e.

(ZHW) = ) = 2m~" [ flaje = de, 1 e 12T

The space 2(T4) is the space of complex-valued infinitely differentiable functions on
T?. On 2(T?) one can define the seminorms

[flla = sup [D*f(2)],
z€eTe

where a = (v, . .., aq) is a multiindex, and in this way 2(T9) is a locally convex space.
Its dual space 2'(T?) is called the space of distributions. In particular, one has g € 2'(T%)
if and only if there is a N € N and a ¢ > 0 such that
[(Fal<e D Ifla
|| <N
For details we refer to [I4], Section 3.2]. In particular, recall the following two facts which

we will not need, but are useful to support the intuition.

e Any function f € 2(T9) can be represented as
flz) = Z are™® in P(TY),
kezd
with (ag)rez scalars such that

sup (1 + k)" |ak| < oo for any m € N. (2)
kezd

In this case, one has a = f(k) for each k € Z?. Conversely, if (ax)ezq satisfies @,
then Y-, (4 axe™® converges in Z(T?).
e Any distribution g € 2/(T?) can be represented as
g= Z are™® in 2'(T?),

kezd
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with (ax)gez scalars such that
sup (1 + |k|])"™|ag| < oo for some m € N. (3)
kezd
In this case, one has ay = §(k) for each k € Z9. Conversely, if if (ax)pezae satisfies
@), then 3",z are™® converges in 2'(T4).
For a distribution f € 2'(T¢) let f; € 2(T?) be given by
Fi(@) =Y eik)f(k)e™*, jeN.

kezd

By the properties of (¢;);>0 the series in j has only finitely many nonzero terms. Observe
that

[i(@) = ¢j * f(z) = ($ja> f) (4)
where @;(2) = 3 czq 05 (k)e™® and ¢;.(y) = ¢;(x — y).
DEFINITION 2.1 (Periodic Besov spaces). Let p,q € [1,00]. Let

. 1/q
Il f] B (T4) i= (ZQS]quj qu(Td)) ,

Jj=20

if ¢ < 00, and

I1f1

. sj .
B o (T4) +— §;182 1 £5ll e (zay

if ¢ = 0o. The Besov space B;,q('ﬂ‘d) is the space of all distributions f € 2'(T?) such that
/]

Bz,q(Td) < Q.

One can show that the definition of Bj . (T?¢) does not depend on the choice of
¢. Moreover, with two different functions ¢, the corresponding norms in B;OO(TCI) are
equivalent (see [14] Section 3.5.1]).

2.2. Vector-valued Gaussian random variables. Let (2,.#7,P) be a probability
space. Recall that v : Q — R is a complex standard Gaussian random variable if

Y = YRe/V2 + 11m/ V2,
where yre and 71, are independent real standard Gaussian random variables (see [7]
Chapter 5] for the definition of real Gaussian random variables). Let (7,))_; be a se-

quence of independent complex standard Gaussian. It is easy to check that the distri-
bution (y1,...,7vn) is invariant under unitary transformations and ZT]:/:I an7Yn has the

1/2
same distribution as ||a|2y1, where ||alls = (25:1 |an|2) . In particular,

E Z%zan P\ 1/p = Imllze) Z |an|? 1/2. (5)
>1

k>1
Let K be either R or C. A random variable v : Q — K is called a (complex) Gaussian
random variable if v € L?(Q) and E(v) = 0 and ~/(E|y|?)'/? is a (complex) standard
Gaussian random variable. Note that all our Gaussian random variables are centered by
definition.
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Let X be a (complex) Banach space. A strongly measurable mapping £ : @ — X is
called a (complex) Gaussian random variable if for all x* € X*, (¢, 2*) is a (complex)
Gaussian random variable. Observe that if X is a complex Banach space, then we can
consider X as a real Banach space and denote this by Xg. Let X’ be the dual space of Xg.
One can show that for every function ' € X’ there exists a unique z* € X* such that
x’ = Re(z*). Moreover, one can define z* : X — C as (z,2*) = (x,2') — i(iz,2’). Now if
¢ : Q) — X is a complex Gaussian random variable, it follows that £ can be viewed as a
real Gaussian random variable with values in Xg. Indeed, for any ' € X', let z* € X*
be as before. Then one has (£, 2') = Re({¢, 2*)), and the latter is a real Gaussian random
variable.

From the above discussion one can deduce that all results on real Gaussian random
variables, have a complex version. Of particular interest is the weak variance of a complex
Gaussian random variable. Define the complex and real weak variances by

0w (€) = sup{(ENE, «)/%)* : o € X, ] < 1},
oc () = sup{(E[(&,2")[)"/? s 2" € X, ||l27|| < 1}.
LEMMA 2.2. Let £ : Q — X be a complex Gaussian. Then
1
o2(€) = 503 (6).

Proof. Given z* € X* we can write (£,2*) = 27 %2a(vy; + ivy) with a > 0 and 1,7
independent standard Gaussian random variables. Then one has E|(¢, 2*)|? = a?. Letting

' = Re(z*), one has ||z*|| = |2/|| and E|Re ((¢,2))]*> = a?/2. This proves 02(§) <

102(&). To prove the converse let 2’ € X*, and define z* : X — C as in the discussion

before the lemma. Then z* € X* with Re (z*) = 2/, hence ||z*|| = ||z/||. The first part
implies 02(¢) > 202 (€), and the result follows. m

The following result follows from immediately from the real setting in [6] and Lemma
It is a crucial ingredient in the proof of our main result Theorem [3.4

PROPOSITION 2.3. Let X be a complex Banach space. Let (&,)n>1 be an X -valued cen-
tered multivariate complex Gaussian random variables with first moments (my)n>1 and
complex weak variances (0 )n>1. Let m = sup,,»1 my. Then

E sup 1€n]l < m+3v2p6 ((00)n>1)-
n>1
Here po(an)n>1) denotes the Luxemburg norm in the Orlicz space £°, where O :
R; — Ry is given by ©(0) = 0 and
1
_ .2
O(x) ==z exp(—ﬁ> for z > 0.

We refer to [6] and references therein for details. For the purposes below it is sufficient
to recall that (see [0, Example 2.1]) if a,, = o™ with o € [1/2,1), then

po((an)n>1) = 1og[(1 — a)~1]. (6)

Moreover, if a,, = o™ with « € (0,1/2), then a,, < 27™ and therefore @ yields
po((an)n=1) < po((27")n>1) =~ V/log(2). (7)
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REMARK 2.4. In the case that the elements (£,),>1 are independent, Esup, > [|€n]| is
equivalent to m + pe((0n)n>1). Moreover, the independence assumption can even be
weakened (see [10]).

Finally, recall that M > 0 is a median of a centered (complex) Gaussian random
variable £ : Q@ — X if

P(ll¢]l < M) > 1/2 and P(|¢]| = M) > 1/2.

3. White noise and Besov spaces on T¢. Let (£,.27,P) be a probability space.

DEFINITION 3.1 (White noise). A random variable W : Q — 2/(T9) is a called Gaussian
white noise if

1. for each f € 2(T4), the random variable w +— (f, W (w)) is a complex Gaussian
random variable,
2. for all f,g € 2(T?) one has

E(<f7 W> <ga W>) = (f7 g)LZ(Td)'
If W:Q — 2'(T?) is a Gaussian white noise, then for all f € 2(T%) one has
I1{f, W22 = 1l L2 (Tay-

Therefore, the mapping f — (f, W) uniquely extends to a bounded linear operator
W : L2(T9) — L?(Q). Moreover, W satisfies

1. for each f € L2(T9), the random variable Wf is a complex Gaussian random
variable,

2. for all f,g € 2(T?) one has

EW(HIW(9) = (f,9)L2(ra)-
Indeed, since Z(T4) is dense in L?(T%), (1) follows from the standard fact that the L?(£2)-
limit of a sequence of complex Gaussian random variables is again a complex Gaussian
random variable, and (2) follows by an approximation argument.
The following lemma is obvious from the properties (1) and (2) and the fact that a
complex Gaussian vector is determined by its covariance structure.

LEMMA 3.2. Assume V,W : Q — 2'(T%) are both Gaussian white noises with correspond-
ing operators V,W : L*(T?) — L*(). Then (Vf : f € L*(T%)) and (Wf : f € L*(T%))
are identically distributed.

For k € Z%, let ey, : T — C be given by e(z) = eikT

PROPOSITION 3.3. Let (V) reze be a sequence of independent standard complex Gaussian
random variables. Let W : Q — 2'(T%) be defined by W = Y, pa veex in 2'(T?), i.e.
(W) =2 en e f(=k). Then W is a Gaussian white noise.

Proof. By [9, equation (3.7)] there is a set Qy € &7 with P(€y) = 1 such that

¢ = sup |yx|(log([k|* + 1))/ = sup sup |yx|(log(n” +1))7/* < o0
kezd n>0 |k|=n
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on Qq. Therefore, for any f € 2(T?) and w € Qg one has

|<f,W<w>>|=\Zf<—k> @) < 3 IR ()]

keZ keZ

() > D (og(lkl* + 1) f (k)]

n>0keZ

< E(w)er Y (log([k|* + 1) 2 (k] +1) 72 < CE(w).
keZ
where ¢3 = supjeza (1 + [K])2|f(—k)| and C = ¢z 3y cp(log(|k[* + 1)M/2(|k| +1)~2. Tt
is well-known that ¢z < K37, <5 [ flla for some constant K (see [5 Theorem 3.2.9]).
Therefore, it follows that W (w) € 2/(T4) for all w € . To see that it is a Gaussian
white noise, note that (f, W) is a complex Gaussian and

EW(HW(9) = DY EwT) f(—k)g(—k) = > f(- = (f,9)12(Ta).

kEZ jEL keZ

u
THEOREM 3.4. Let W : Q — 2'(T?) be a Gaussian white noise.

1. For all p € [1,00) one has P(W € B, ¥*(T?)) = 1.
2. For all p € [2,00) there exists a constant cp q such that

B(IW 20y > cpa) = 1

(T)
3. For any p,q € [1,00] and s < —d/2 one has P(W € B;yq(']l‘d)) 1

4. For any p € [1,00] and q € [1,00) one has P(W € B;g/z(’]l‘d)) =0.
5. For any p,q € [1,00] and s > —d/2 one has P(W & B;ﬁq('l[‘d)) =0
6. One has P(W € B "2(T%)) = 0.

REMARK 3.5. Some remarks on the theorem:

(i) We do not know whether (2) holds for p € [1,2) as well. Applying the Hausdorff
Young’s inequality instead of Parseval’s identity is not sufficient here.

(i) The proof shows that one can take cg 4 = V23%/2 — 2-34/2 in (2).

Proof of Theorem [3.] Before we present the proof we reduce to a particular choice of
the Gaussian white noise. Let W =Y, _,u vkex, in 2'(T%). Then by Proposition W
is a Gaussian white noise. Let V : Q — 2'(T?) be an arbitrary white noise, and let W
and V be as in Lemma Fix p,q € [1,00]. As in let

Wj(x) = <50j,zaW> = W(ij,z) and Vj(x) = <§0j,x7 V> = V((Pj,z) JeN (8>

Now one has
W]

B, (11) = [(27°W;)j0llea(rr(ra) and )
IVlps ,(re)y = 1(27°V;) > 0llea (o (1))

It follows from and Lemma that (W;);>0 and (V;);>0 (Vj(z) : 2 € T4, j € N)

and (Wj(x) : * € T4 j € N) are P-identically distributed . Therefore, since each V;

and W; is continuous, an approximation with Riemann sums shows that for all n € N,



8 M.C. VERAAR

(275|Wj |l Lo(ray) =y and (27%(|V} || Lo (ra))7=, are identically P-distributed. Therefore,
NP W, L ogray iy = 1271V ooy g in B-distribution.
By @D and monotone convergence one obtains that

Wi

By (Td) = 4 B () in P-distribution.

The above shows that below it suffices to consider the situation where
W = Z YK€k in _@/(Td).
kezd
(1): For each j > 0, one has
x) =Y @i(k)me™”, jeN.
keza
To show that W € ngéz(']rd) note that

B[ W] =072 gy = E(5up 279921 | o) < oo
j=0

To estimate the latter note that by Proposition one has
E(sggTjMIIWjHLp(w)) < sup 27 PE | Wil o ray + 3V2p0((05)20).  (10)
i> i>

By one has

l/p » 1/p
B[, ooy < W 00) " = ([ IW(0) 0 0) d2)

1/2
= 2m) "l (Y les(k)enl?)

kezd

1/2

= Il @7 (3 lesk)2)
kezd

Since ¢;(k) = 0 if [k| > 27+ it follows that E[|W; |l 1sray < |71l 1e(q)(2)%/P274/2 and
therefore

Sgng_Jd/g]E||WjHLp(1rd) < H%HLp(sz)(QW)d/p-

V-

To estimate the complex weak variances o of 2‘jd/2Wj, let p" € (1, 00] be such that

+ % = 1. Note that for any f € 2(T¢) with [ £l s ey < 1 one has

B, )P =E| 3 emf(R] = X lesmPFRE < Y 1R

kezd kezd k| <2i+1

1
p

First assume p € [2,00). In that case by Holder’s inequality with % = % + % and the
Hausdorfl-Young inequality we obtain

= wiewR) < (2 iicwr)

|k| <27+ kezd
< 2(j+3)d/r||f||L iy < 9(+3)d/r _ 9—(i+3)d/p9(j+3)d/2
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It follows that o; < 234/22=(+3)4/P if p € [2,00) and therefore by (6)) and (7),
po((05)21) < 24274/ pg ((2794/7) j54) < oo.
Next assume p € [1,2). Then by Holder’s inequality one has
. 1/2
> 1 ERE) T < Il < Callfll oy = Ca
k| <21

where Cy = (21)7 % Therefore, 0; < C42734/2 if 1 < p < 2, and again pe((0;);>1) < 0.
Now (1) follows from (L0).
(2): Since HWHB;,‘L{Q(W) > (27T)d/p_d/2||WHB;f“j2(w) it suffices to estimate the ran-
dom variable ||W||de/z(w) from below by a constant. For each j > 1 let
2,00

S;={keZ?: 27 < |k <2t3},
Then ¢; =1 on S;, and the (S;);>1 are pairwise disjoint. By Parseval’s identity one has
2N Wyl172pay = 277D los (k) wel® = 2794 D el
kezZ keES;

We claim that lim;_,o, 2774 Zkesj k|2 = 242 — 279/2 almost surely. Indeed, one can
write

279N P =27 Y P -2 Y el

keS; |k\§2j+% ‘k‘gzj*%
3d/20—(j+2)d 2 —3d/20—(j+31)d 2
— 93d/29=(j+3) E: |ye|2 — 2734/29-0+3) 2 : Ive|?,
k|<29+ 3 k<27~ 2

and by the strong law of large numbers the latter converges almost surely to 23¢/2 —2—3d/2
Therefore, we can conclude that

”VVHBl/2 (T4) = sup 27jd/2||Wj||L2(Td) > 923d/2 _ 9-3d/2
2,00 ]ZO

almost surely.
3): This is clear from the fact that 37%2 T4 C BS (T%) for any s < —d/2.
P D,q
(4): From the proof of (2) one immediately sees that for all p € [2,00) and ¢ € [1, 00),
W 512 = 0o almost surely. Indeed, let N € o7 be the set of all w € Q such that
B

[IW(w) < 00. Then for all w € N one has Jlggo 27‘jd/2HWj(W)||Lp(’]I‘d) =0.1In (2)

(T4)
I3z o)
we have seen that lim 2*jd/2|\Wj||Lp(Td) > ¢pq on a set o of probability 1. Therefore,
j—o0o

N C Q\ Qo, and hence N is a zero set.

If p =00 and q € [1,00), then taking any 2 < r < oo one obtain that ||[W|| ;1/2 (Tay =

0,9

C’d”VV”BT{’/q2 (T4)

If 1 <p<2andgq € [l,00) we cannot use (2) and we need to argue in a different
way. Fix integers n > m > 0. For each w € € one has |[W(w) < oo if and only

= 0o almost surely.

5302 @)
if (Q’jd/zwj(w));";l has a finite £9(LP(T?))-norm. The latter is equivalent to the con-
vergence of » .- &;(w), where §;(w) = 27744/2||W; (w)||qu(Td). Therefore, by a standard

0/1 law argument (see [7, Corollary 3.14]) it follows that P(”W||B,1,{5(Td) < 00) is either
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0 or 1. Assume IF’(||WHB1/2(W) < 00) = 1. Then one can show that (Q_jd/QWj)‘]?‘;l is a
vector-valued Gaussian random variable. In particular, it has finite r-th moment for all
r < oo (see [, Corollary 3.2]). By the Kahane-Khintchine inequality (see [9, Corollary
3.2]) and (1) we obtain

1/2
(EIW; 1 ) =g EIWG G )P = I ooy @02 (3 s (R)E)
kezd

Since ) ,
1/2 1/2 ,
(Y leimP) = (X 1) =
kezd kes;
it follows that
E”(2 qu/2W )j 1H£q Lp Td ZQ_qu/2E”W HLP(’Ed

3>0
2o I (2 0/ 3 9300/,
Jj=0
Clearly, the latter series is infinite and this gives the desired contradiction.

(5): Fix s > —d/2. Since B ,(T?) C B; . (T%) C B;‘li/2(Td) for all p,q € [1,00],
it suffices to show that W ¢ B_d/ *(T?) almost surely. However, this has already been
proved in (4) and therefore (5) follows.

(6): Since each W; is continuous, one has

IWillem = IWilleqa = W5 0) = 27992 3 o5 (k)
kEZ

Since the supports of (y3;);>1 are disjoint one has that (W3;(0));>1 are independent
complex Gaussian random variables with values in R. Moreover,

2 Wy O) = 27N [pg(R)F 227 S 12>
k€EZ 23j—%§|k|§23j+%
where c¢ is independent of j. Therefore,
—34d —34d
IWI2 aps ey 2 50D 259 Wa 3 ) 2 sup 2 35103 (0) = oo,
00,00 ji>1 7>1

almost surely. =

The following result characterizes for which exponents (s, p, q) one has W € B;,q(']l‘d)
almost surely.

COROLLARY 3.6. Let W : Q — 92'(T%) be a Gaussian white noise. For exponents
(s,p,q) € R x [1,00] x [1,00] the following are equivalent:

1. W e Bs (T%) almost surely
2. (s < —d/2 and p,q € [1,00]) or (5 =—d/2 and p € [1,0) and q = oo)
Proof. This follows from Theorem "

Another consequence is on the tail behavior of ||W||de/2(Td).
rob
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COROLLARY 3.7. Let W : Q — Z'(R™) be a white noise and let p € [1,00). there are
constants M,o > 0 depending on p such that for every r > 0 the following inequality
holds:

P(H|WHB;¢;£2 — M| >r) < exp(—r®/(40?)). (11)

(T4)

Here for M one can take the median of ||W||B—d/2( and for o one can take
ol

T)

o 23d/2d2—;’>d/1> if p € [2,00);
(@mFf,  ifpell2

In particular, this result implies that W satisfies

1
Eexp (5 IWI2 2 p)) < 0 (12)

for all @ > o (see [9, Corollary 3.2]).

Proof. By Theorem we can define a mapping 7 : Q — Bp7%2(Td) by Z(w) = W(w).
As in [6l Theorem 5.1] one can show that Z defined by Z(w) = W(w) is a Gaussian
random variable in the sense of [9]. However, note that Z does not take values in a
separable subset of B;géz(Td) (see [9 p. 60-61]). Now follows from [9, Lemma 3.1].
Moreover, the choice for o follows from the fact that one can take ¢ = max; o;, where
o; is as in the proof of Theorem Note that in [0, Lemma 3.1] one has to take into
account Lemma [2.2] because we consider the complex situation and this gives a number

4 instead of 2 in the exponential function. =

As a consequence one has the following result for the periodic Sobolev spaces. For the
definition of the Sobolev space H*P(T¢) we refer to [14, Chapter 3].

COROLLARY 3.8. Let W be a Gaussian white noise on T?. Then

1. For allp € [1,00) and s < —d/2 one has P(W € Hs’p(']I‘d)) =1.
2. For all p € [1,00] one has IE”(W € H_d/2’p(']1‘d)) =0.

Proof. (1): This follows from Theorem (3) and ().
(2): This follows from Theorem (4) and (). =

It would be interesting to know whether the results of this section are valid for Gaus-
sian white noises on domains D C R? and on Riemannian manifolds.

4. White noise and Fourier—Besov spaces on T?. Let p,q € [1,00] and s € R. For
a distribution f € 2(T%) consider the following Fourier-Besov norm

115 0 = (3 (3 Gk + 0l iwr) ™)

j>0  kezd

1/q

Moreover, if p = oo or ¢ = 00, then one needs to use a supremum norm in this expression.

DEFINITION 4.1. The Fourier-Besov space l;f,,q(Td) is the space of all f € 2(T?) for which
I

s < 0.
b‘pyq(Td)
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Let ¢ and (¢;);j>0 be as in Section The following is an equivalent norm on l;; o(T9):

10, ooy = (3 (30 06+ 1 7les feip) ™)™

Jj=0  kezd
where if p = co or ¢ = oo one has to use the supremum norm again. To show the
equivalence of the norms observe that the estimate || f ”|i;; @) S IIf HBZ (T follows from
the fact that |¢;(k)| < 1and ;(k) =0forall k € thichvsatisfy |k| > 27+ or |k| <2771
For the converse direction, we let ¢_; = 0. Recall that for all j > 0 and k € 7% such that
27=1 < |k| < 27*! one has Zinz% @j+m(k) = 1. Therefore, by the triangle inequality in
£4(¢7) and elementary calculations one sees that

(>X( X e+

520 " 2i-1<|k|<20H1

i (X0 X Me0Tlemmplier) ™)

m=—1 j>0 2i-1<|k|<2i+1

11, (ray

S e 1F00)")

IN

< Z (3 (0 + 0 psen prfmr)”)
>0
<3( 3 (S Uk + 1, RPF®F) ) = 305,
>0 kez

From the above discussion and the Hausdorff-Young inequality one obtains the fol-
lowing result which has also been observed in [I0] for ¢ = oo

PROPOSITION 4.2. Let s € R and g € [1,00]. Let p € [2,00] and let p' € [1,2] satisfy
% + i = 1. Then B;,yq(Td) — b;q(Td). Moreover, if p = 2, then B;Vq(’]l'd) = bg’q(']I‘d)
with equivalent norms.

Let o 1/
i oo (293 1fwr)™)
=0

20-1< k| <2+
where one has to use the supremum norm if ¢ = oo. Then this also defines an equivalent
norm on b (T%). Indeed, this follows from the fact that for 277! < [k| < 27%! one has
127 < (Jk|+1)<4-27.

In the calculations below we use this equivalent norm.

In [I0] it has been proved that the Gaussian white noise as defined in Lemma
satisfies W € Bg’q('ﬂ‘) almost surely as soon as sp < —1. The following result is an
extension of this result to the sharp exponent and to arbitrary dimensions d.

THEOREM 4.3. Let W : Q — 9'(T?) be a Gaussian white noise.
1. For allp € [1,00) one has P(W € lAJ;gép(']I‘d)) =1
2. For all p € [1,00) there exists a constant ¢, q such that

P([W}l;;i/}p(?l‘d) Z Cp,d) = 1.
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3. For all p,q € [1,00] and s < —d/p one has IP(W € l;S (T d)) =1.
4. For any p € [1,00] and q € [1,00) one has P(W € b d/p Td )) =0.
5. For any p,q € [1,00] and s > —d/p one has IF’(W S bS ) 0.
6. One has P(W € BO (Td)) =0.
The analogue Remark - (iii) holds for the above situation, this time with X =
b_d/p(']l‘d) and p € [1,00).
Proof. As in the proof of Theorem [3.4] it is sufficient to consider a Gaussian white noise
W as defined in Proposition [3.3] This follows again from Lemma [3:2] and the identity
W (k) = W(ex).

1/p
For p < oo let wj, = (Zgjflglklgyﬂ |’yk|”> . Then one has
(Wlss _pay = 127 wjpllea-
(1): By the above we can write

(W], =sup2 P, .

1/p d
b (T ) 72>0

Noting that
27wyl =270y |l

291 <Jk[<29+1
— 9do—(+1)d Z Iyl — 9—dg—(j—1)d Z Ivel?,
k| <2941 k|<27-1
from the strong law of large numbers we see that
lim 2774w, [P = (2¢ — 27HE|n |7,
]*}OO
almost surely. Therefore, sup;~g 2-7d/ Pw; p < 0o almost surely and this proves (1).
(2): Tt follows from the proof of (1) that [W]; > (29 — 27%)||y1 || 1o () almost
surely, and this proves the result.
(3): This follows from (1) in the same way as in Theorem
(4): This follows from (2) in the same way as in Theorem This time p € [1,2)
does not have to be considered separately, because (2) holds for all p € [1, 00).
(5): This follows from (2) in the same way as in Theorem
(6): In this case one has

pol” (T4) =

(Wlss ray=sup sup |yp| = sup |l.
50 29-1<|k|<2i+1 kezd

It is well-known that the latter is infinite almost surely (see [d] equation (3.7)]). m

The following result characterizes for which exponents (s, p, ¢) one has W € B;7q(’]1‘d)
almost surely.

COROLLARY 4.4. Let W : Q — Z'(T%) be a Gaussian white noise. For exponents
(s,p,q) € R x [1,00] x [1,00] the following are equivalent:

1. We 5;7q(Td) almost surely
2. (s < —d/p and p,q € [1,00]) or (s =—d/p and p € [1,00) and q = oo)



14 M.C. VERAAR

Proof. This follows from Theorem L]

Another consequence is on the tail behavior of [[W|[;-a/» (Ta)"
ol

COROLLARY 4.5. Let W : Q — 2'(R™) be a white noise and let p € [1,00). there are
constants M,o > 0 depending on p such that for every r > 0 the following inequality
holds:

P([IWl);- — M| > r) < exp(—r?/(457)). (13)

4P (Td)

Here for M one can take the median of ||W||de/p( and for o one can take
pP,o0

Td)

oo 1 if p €[2,00);
C| 23d/p23d2 0 ifp e [1,2).
Again this result implies that W satisfies the exponential integrability result in
with B, %?(T4) replaced by b, %P (T4).

Proof. This can be proved in the same way as in Corollary To calculate the o;’s in
this case, let G; : Q — (P(Z?) be given by G, = 2_jd/pzlk|<2j+1 Vrug, where (ug)peza
is the standard unit basis of £#(Z%). Then for all a = (ag)peze in €7 (Z%) with norm < 1,
one has that
EGralf =27 3 ol
k| <2i+1

Hence, if p € [2,00), then |allp2za)y < [lallpr zay < 1, and therefore, o; < 277d/p Tt
follows that ¢ = max; o; < 1. If p € [1,2), then by Hélder’s inequality

3 ‘ak|2)” ‘o QY= U2 gy o < 2+ (a2,
k<201

Hence o; < 234/P2=0+3)d/2 anq it follows that o = max; o; < 234/P273d/2 4
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