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Abstract. We enalarge the amount of embeddings of the group G of invertible transformations
of [0,1] into spaces of bounded linear operators on Orlicz spaces. We show the equality of the
inherited coarse topologies.

1. Introduction. This paper is another step in discussing definitions of coarse topolo-
gies on the group of invertible transformations. The consideration was started in [CK]
and then continued in [B1], [B2].

Let m denote the Lebesgue measure on [0, 1] The group G of all invertible transfor-
mations of [0, 1] consists of functions 7 : [0, 1] — [0, 1] such that 7 is invertible (injective
and surjective) and both 7, 7=! are Borel measurable and nonsingular (m(4) = 0 iff
m (77(A)) = 0). Maps equal almost everywhere are identified.

We say that ¢ : [0,00) — [0,00) is an Orlicz function if it is convex and ¢(z) = 0
iff x = 0. We say that an Orlicz function ¢ satisfies the condition A’ globally if there
exists ¢ > 0 such that ¢(xy) < co(x)g(y) for x,y € [0,00). In this work Orlicz spaces
are equipped with the Luxemburg norm ||-[|,. The same symbol is used for norms of
operators on Orlicz spaces.
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If ¢ is an Orlicz function which satisfies the condition A’ globally then the formula

T (f) = (For ) (¢ owr), (1)
or !
where f € L?(m),7 € G and w, = % denotes the Radon-Nikodym derivative of

the measure m o 7~ with respect to m, gives a bounded linear operator on the Orlicz
space L?(m). The inherited topologies from the strong operator topology on £ (L?(m))
coincide on G — it was proved in [CK] for LP—spaces and then generalized in [B1], [B2]
for Orlicz spaces.

We generalize Formula (1) and obtain more sets of bounded linear operators on L?(m).
We show equality of the inherited topologies.

Basic information on Orlicz spaces can be found in [KR| and [RR]. An interesting
study of generating GG in the inherited topology by two transformations is published
in [G2] and [P]. A characterization of LP-spaces with a help of operators generated by
invertible transformations is given in [B3].

2. The extension. We start with a generalized definition of the embedding.

DEFINITION 2.1. Let h : [0,00) — [0,00) be a Borel measurable function and 7 € G. We
denote by w, the Radon-Nikodym derivative of the measure m o 7! with respect to m.
We introduce an operator T\ : LO(m) — L%(m), where L(m) stands for the set of all
real m—measurable functions, by the formula

T (f) = (for ) (how,) for f € LO(m). (2)
The section of the operator TT(h) to an Orlicz space L?(m) is denoted by TT(¢’h).

PROPOSITION 2.2. Let 7 € G. Let ¢ be an Orlicz function which satisfies the condition
A’ globally with a constant ¢ > 0. Let us assume that for a Borel measurable function
h:]0,00) = [0, 00)
there exists X\ > 0 such that h(z) < ¢~ '(\x) for x € [0, 00). (3)
Then T'" is a bounded linear operator on the Orlicz space L®(m) and
"Tf(¢’h)"¢ < max{1l,cA}.

Proof. Tt is clear that Formula (2) gives a linear operator. Let f € L?(m) and Ifll, =1
Let us denote d = max{1,c\}. We obtain

or ! ow
f[o)” ¢o T (5) ‘ dm = f[O,l] ¢o W dm < (by the A’ condition)

Cf[o,l] (gzb o ‘flodf ) (pohow;) dm < (the assumption on h)

d
@ o] (polfloT™!)w, dm = (change of variables) < Joay (@0 lf]) dm <
(since | f[l, = 1) % < (the definition of d) 1.

T.£¢’h) (5) H¢ <1 TT(¢,h) (f)H¢ <d and ‘)T£¢’h)“¢ <d =

Cf[o,l] (qb o ‘flo;l) Aw, dm < (since ¢ is an Orlicz function and 1 < d)

Therefore,
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PROPOSITION 2.3. Let ¢ be an Orlicz function. Let us assume that for a Borel measurable
function h : [0,00) — [0, 00)

there exists 1 >0 such that © < ¢(nh(z)) for z € [0,00). (4)
Then HTT(qs’h)

d)Z@fOTTGG.

Proof. We obtain [ ¢ o TT(¢’h) (7] X[O,l]) dm= [¢o(nhow;)dm > [w,dm = 1.

Therefore, ‘ TT(¢,h)(77 X[O’I])qu > 1 and HTT((b’h)(gb_l(l) X[O’l])H¢ > @’

which implies our thesis since ||¢=*(1) x[o,1) H¢ =1 =

COROLLARY 2.4. Let ¢ be an Orlicz function which satisfies the condition A’ globally
with a constant ¢, a function h : [0,00) — [0,00) be Borel measurable and both conditions
(3), (4) hold.
Then
¢ (1)
n

< HTT(gﬁ’h)Hq} < max{1,cA}

for T eG.

3. Two approaches to coarse topologies. We recall the definition of the strong
operator topology.

DEFINITION 3.1. If E,F are normed linear spaces then the strong operator topology
on the set L(E, F) of bounded linear operators is given by the basis consisting of the
elements V(P,e;x1,...,2,) ={Q € L(E,F): (Vi€ {1,...,n}) ||P(z:) — Qx;)| < e},
where P € L(E, F) is a bounded linear operator, vectors zj ..., z, € F and € > 0.

REMARK 3.2. Whenever space E is separable and A C L(E, F) is a bounded set (that
is (3M > 0)(VP € A)||P|| < M), the strong operator topology on A is metrizable by

d(P,Q) = zneNW for P,Q € A, where {f, € E\ {0} : n € N} is a fixed
countable dense subset of E.

If ¢, h are as in Proposition 2.2 then the Orlicz space E = L?(m) is separable, the
set Gg p = {TT(¢’h) : 7 € G} is bounded in the space £ (L?(m)) and the strong operator

topology on Gy p, is metrizable by the above metric.

Let us notice that the set Gy 5, is the image of the following map
T@N: G371 TN (1) = M e ¢ (L?(m)) .

We are ready to prove the following lemma. If S C [0, 1] then ys denotes the charac-
teristic function of S .

LEMMA 3.3. Let ¢ be an Orlicz function which satisfies the condition A’ globally. Let a
Borel measurable function h : [0,00) — [0,00) be nonzero on (0,00) and there exist A > 0
such that h(z) < ¢~'(\x) for x € [0,00). Then the map T®"M . G — L(L?(m)) is an
injection.

Proof. Let us consider any two transformations 7 # o € G. There exists a Lebesgue mea-
surable subset A C [0, 1] such that m(7(A4)Ac(A)) # 0, where A denotes the symmetric
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difference of sets. We obtain T.%"" (xA) = Xra) (howr) # Xoa) (hows) = S (xa)
since h(w,(x)), h(wy(x)) # 0 almost everywhere. m

We define coarse topologies on G.

DEFINITION 3.4. Let ¢ be an Orlicz function which satisfies the condition A’ globally
with a constant ¢ > 0. Let a function A : [0,00) — [0, 00) be Borel measurable and there
exist A > 0 such that h(z) < ¢~ 1(\z) for = € [0, 00). We will denote by O, j, the topology

on the group G, which is induced from the strong operator topology on G j, by the map
T($.h)

COROLLARY 3.5. Let ¢ be an Orlicz function which satisfies the condition A’ globally.
Let a Borel measurable function h : [0,00) — [0,00) be nonzero on (0,00) and there ezist
A > 0 such that h(z) < ¢~1(\z) for z € [0,00). Then the topology Oy 1, on the group G
1s metrizable.

Proof. The thesis follows from Lemma 3.3 and Remark 3.2. m
We need the following result from general measure theory.

LEMMA 3.6. Let (Q2,%) be a measurable space and let p,v measures on ¥, where  is
finite. If u is absolutely continuous with respect to v (that is v(S) = 0 implies u(S) =0)
and lim,,_, v(Sy) = 0 for a seqguence {S,} C % then lim,_,» p(S,) = 0.

Proof. The thesis follows from [H|, Sec. 30, Theorem B. =

COROLLARY 3.7. If 7 € G and {S,, : n € N} is any sequence of Lebesque measurable
subsets of [0,1] then lim, oo m(7(Sy)) = 0 iff limy, 0o m(Sy) =0 iff
lim,, 0o m(771(S,)) = 0.
Moreover, if ¢ is an Orlicz function, the above equivalences can be continued:
limy, o0 m(Sn) = 0 iff limp o0 x5, I, = 0 iff limy oo || Xr(s,) o =0 iff
6= 0.

limy, o0 ||XT*1(S")

Proof. The first two equivalences are consequences of Lemma 3.6. The second sequence of
equivalences follows from the equality ||x,|, = W, which holds for any Lebesgue
m(5)
measurable subset S C [0, 1] of nonzero measure m(S) # 0. m
We present another approach to the topology we are interested in, based on the ideas
from [G1] and then continued in [B2].

DEFINITION 3.8. Let 4, denote the topology on the group G, which is generated by
the base consisting of the following sets:

Uy, (1,8, (1)) = {0 eqG: (Vked{l,...,n}) [m( T(Ig) Ao(ly))<e

A |[howr —howsl, <e]},

where 7 € G, € > 0 is rational and (I;)}_, is a finite sequence of subintervals of [0, 1]
such that the ends of each I, are rational.

We are at the point where one can formulate the following theorem.
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THEOREM 3.9. Let ¢ be an Orlicz function which satisfies the condition A’ globally. Let
a Borel measurable function h : [0,00) — [0,00) be nozero on (0,00) and there exist A > 0
such that h(z) < ¢~ (A\zx) for x € [0,00). Then g, = Op p.

Proof. Since the topology O is metrizable (by Corollary 3.5) and the topology Z.1
is defined by a countable local basis at every invertible transformation, it is enough to
show that lim, o 7, = 7 in Og p iff lim, oo 7 = 7 in Z4 ) for any transformations
TyTlyeesTny- .- € G.

(i) First, let us assume that lim, .7, = 7 in Oy . Since U(o,e, I1,...,Iy) =
Ny U(o,e, i), to prove that lim, oo 7, = 7 in Sy, it is enough to show that the
following two conditions hold:

(a) lim, o0 |h o wr, — how,|[, =0 and

(b) lim,, oo m(7 (I)AT(I)) = 0 for every subinterval I C [0,1].

For the first condition, we observe ||how,, —how.|, =
|17, (x10.11) = Tr (xpo,) |, = O-

For the second condition, let us denote S,, = 7,,(I)A7(I). First of all we claim that
lim,, 00 fSn how, = 0. We have fSn how,dm = f[071] |X7‘n(I) — XT(I)’ how,dm =

f[()’l] |XTn(I)h OWr — XT(I)h o wr‘ dm S f[O,l] |XT7L(I)h‘ oOWr — XT,L(I)h o an dm +
h é,
Jioay X o wr, = Xr(nyh o wr | dm=ﬁ01 X, (T) ’Tﬁf '(Xj0.1)) = T (xo, 1])‘ dm +
f[o 1] ¢ h) Xr1) — ¢ " (xr )’ h) (X[o,l]) - Tr(¢’h)(X[o,1])‘ dm +
f[o 1 TT(¢ ) XI) — T{*h (XI)’ dm < (by Jensen’s inequality)

(f[m o (T2 (xp, ])—Tr(¢’h)(X[o,1]))dm)+
0~ (o @ (T (ur) = T () dm)

The last two terms tend to 0 because norm convergence implies modular convergence
and ¢~!(z) — 0 when z — 0T.

To finish this part of the proof, we show that m(S,,) tends to 0. Let us define the
measure m, j by the formula m., ;(S) : fS h ow; = 0 for Lebesgue measurable subsets
S C [0,1). If m,p(S) = 0 then h(w.(z)) = 0 for m-almost all z € S, w.(z) = 0
for m—almost all x € S, m(7(S)) =
transformations, m(S) = 0. This means that m is absolutely continuous with respect to
m. p. Finally, the convergence m, ,(S,) — 0 implies m(S,,) — 0 by Lemma 3.6.

/. gwr = 0 and, by nonsingularity of invertible

(ii) For the other direction, let lim, o, 7, = 7 in Ey p,.
Since V(7,¢, f1,..., fm) = ey V(7,€, fx), it is enough to show that
TN (f) — TT(¢’h)(f)“ =0 for every f € L (L?(m)).
(a) We assume that f = x; zfnd I = o, ], where 0 < a < 8 < 1. Let us denote S,, =
Tn(I)AT(I). We obtain ’ TT(f’h)(XI) - TT((b’h)(XI)H(b =[x+, (yh o ws, — XT([)howTH¢

< |[xr.y(hown, = how )|, + [[how:(xr, 1y = X))
< ||howsr, —howrll, + [[howrxs, |4
The first term tends to 0 because 7,, tends to 7 in Zg 5.

h h
For the second term, ||howrxs, |, = HTT(¢ ) (xf(sn))Hq5 < HTT(¢ )qu s ¢
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where HTT(‘NL)H < d as in Proposition 2.2.
¢

Since m(S,,) 4 tends to 0 by Corollary 3.7.

(b) We assume that f € L?(m) is an arbitrary function.
Let g = >_7", aixr, be any simple function, where I, denotes a subinterval of [0, 1].

Then‘TT(f’h)( _ T (g H HT(fh (f — gH +’T£5f’h> 9) — T£¢’h)(g)H¢+
| =0, < 2d 17 = glly + Sy el (T " e ),

Since || f — g||, can be smaller then any number € > 0 and, by (a), the sum in the last
term tends to 0 as n tends to infinity, the proof has been completed. m

4. Equality of topologies. We formulate our main result.

MAIN THEOREM 4.1. Coarse topologies Oy, on G coincide for all Orlicz functions ¢
which satisfy the condition A’ globally and for all Borel measurable functions
h:]0,00) = [0,00) such that h(0) = 0 and the following two conditions hold:

(FA > 0)(Vz,y € [0,00)) [¢(h(z)) — d(h(y))] < Az —yl, 5)

(3n > 0)(Va,y € [0,00)) [¢™(z) — ¢~ ()| < nlh(z) — h(y)|- 6)

Proof. The equality h(0) = 0 and assumption (5) (when y = 0) imply h(z) < ¢~1(A\x)

for x € [0,00). Since ¢! is injective, property (6) shows that h is injective as Well and
h(z) # 0 for & > 0. Therefore, the results from previous sections can be applied.

Let ¢, h be any pair of functions which satisfy the assumptions of this theorem. We
show that ©g4 ) = ©O; or equivalently, 24 = =1, where O; := 0,4,4,Z1 := Z;q,iq and
id(z) =z

(i) We prove that =4; C Z;. By metrizability of these topologies, it is enough to
show that if 7, tends to 7 in =; then it tends to 7 in Zg 5.

The sequence (7,,) tends to 7 in = iff

(
(

(a) limy, o [|wr, —wr]|; =0 and

(b) limy, 0o m(7,(I)A7(I)) = 0 for every subinterval I C [0, 1] of rational ends.

The sequence (7,,) tends to 7 in =g 5, iff

(@’) lim, o0 [[h 0wy, —how,[l, =0

and the same condition (b) holds.

We show that (a) implies (a’). Let us denote o, = [[h o wy, —how||,. If o, # 0 then

1= ‘[\[Oal] ¢o | (how,, —how)| dm < (by the A" condition)

cf[()’l](b(i) olhow,, —how,|dm < ch( )f[(n |[pohow, —ddohow,|dm,
where the last inequality holds since ¢(|x — y|) < |p(z) — ¢(y)| for z,y > 0.
We apply (5) and continue the above inequalities:
1<cho (i) fo 1 |wr, — wr|dm = cAp ( ) |, — wrll1-
Since |lw;, — w,||1 tends to 0 and both ¢, A are constants, «,, tends to 0 as well.
(ii) We show that Z; C E4 5. By Theorem 8 in [CK], Z1 = Z, for 1 < p < oo, where
Ep = Eg41 for g(x) = xP. Therefore, it is enough to show that =, C Z4 ), for some
1 <p<oo.
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By Lemma 3.7 of H. Hudzik in [B2], since ¢ satisfies the condition Ay globally (a
consequence of the A’ condition), there exists 1 < p < oo such that ¢'/P(z + y) <
§1/7(2) + ¢V/7(y) for 2,y > 0.

Let us notice that for such p the following inequalities hold: |¢'/?(a) — ¢'/P(b)| <
¢'/7(|la — b)) and |¢'/P(a) — ¢/P(b)|” < é(|la — b]) for a,b € [0,00) — it is enough to
substitute a = z +y and b = y when a > b. We show that if ||how,, —how,||4 tends to

0 then ’ wi/P — WPl tends to 0, which will complete our proof.
p p
We obtain |[wi/? — wX/?||” = Jio wi/P — WP dm =
» ,

f[O,l] |(¢o ptow, )P — (pog? owT)l/p’pdm < f[o,l] ¢o |¢_1 ow, —¢ ! owT| dm <
(by (5)) f[071] ¢ o(nlhow,, —how.|)dm.
Since ||how;, —how;||4 tends to 0, |n(how,, —how;)||s tends to 0 as well. Finally,
norm convergence implies modular convergence. m

REMARK 4.2. Functions h : [0,00) — [0,00) in the above theorem are continuous (since
¢ o h is continuous by (5)) and injective (by (6)). Since also h(0) = 0, they are strictly
increasing. Moreover, lim, o, h(x) = oo (by (6), when y = 0). They need not to be
concave.

NG for € [0,1] U (9, 00)
EXAMPLE 4.3. Let ¢(z) = 2% and h(z) = ¢ iz +3  fora e (1,4]

Lx+ 3 forx e (4,9].

Then ¢ and h together satisfy the assumptions of Theorem 4.1 but h is not concave
since W_(9) = & < 1/ (9) = }.
REMARK 4.4. In the previous Theorem 4.1, Assumption (5) gives (when y = 0)

h(z) < ¢~ (Az) for = € [0,00) and by Proposition 2.2, TT(da’h)Hqs < max{1l,cA}.

On the other hand, Assumption (6) gives (when y = 0) z < ¢(nh(z)) for 0 < z < o0

and HTT(W” H¢ > @, by Proposition 2.3.
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